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ABSTRACT
We consider a model which effectively restricts the functional integral of Yang–Mills the-
ories to the fundamental modular region. Using algebraic arguments, we prove that this
theory has the same divergences as ordinary Yang Mills theory in the Landau gauge and
that it is unitary. The restriction of the functional integral is interpreted as a kind of
spontaneous breakdown of the BRS symmetry.
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1 Introduction
A perturbative expansion of gauge field theories requires gauge fixing. In 1978 Gribov [1]
pointed out that covariant gauges (and most others that can be cast in the form of a
local effective action) do not uniquely specify a single configuration on a gauge orbit
in nonabelian theories. This ambiguity can be disregarded when discussing high-energy
processes and does not affect the well known perturbative results of asymptotic freedom,
or equivalently, asymptotic scaling. At low energies, the presence of additional gauge
copies can however no longer be overlooked [1], and this is at least one reason why a
perturbative analysis is bound to fail in this case.
Gribov [1] suggested to restrict the functional integration to the space of configurations
A which are transverse
∂A = 0 , (1.1)
and such that
∂D(A) ≤ 0 , (1.2)
where D(A) is the covariant derivative. The boundary of the region so defined is called
the Gribov horizon and lies inside a certain ellipsoid [2].
The restriction to the region defined by (1.1) and (1.2) would already imply that the
gluon propagator differs from the usual one at low momenta [1]
Dabµν = δ
ab(δµν −
kµkν
k2
)
k2
k4 + g2Nγ2
, (1.3)
and depends on a dimensionful parameter γ.
The Fundamental Modular Region (FMR), where the Hilbert norm of the connection
FA(U) ≡ ||A
U ||2 = ||U †AU + U †dU ||2 , (1.4)
attains its absolute minimum with respect to gauge transformations U [3, 4]
FMR ≡ {A : FA(1) ≤ FA(U)} , (1.5)
is a proper subset of the region defined by Gribov, since (1.1) and (1.2) characterize any
relative minimum of the Hilbert norm (1.4), and such relative minima have been shown
to exist [5]. The FMR is therefore a refinement of Gribov’s region and in particular of the
definition of the Landau gauge (1.1) and has for this reason been called “minimal” Landau
gauge [4]. Zwanziger proposed a local action which concretely implements the restriction
to the FMR when a certain nonperturbative “horizon condition” [6, 7] is satisfied. He
studied this mechanism in the continuum [6] as well as in the critical limit of lattice gauge
theory [7, 8]. Quite remarkably this version of the SU(N) Yang-Mills theory naturally
gives a gluon propagator of the Gribov type (1.3) where the parameter γ is selfconsistently
determined by the “horizon condition” [6, 7].
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The required locality of the classical action immediatly raises the question of renor-
malizability: whether new divergences or anomalies not present in the original YM-theory
have been introduced, which would imply that the proposed gauge-fixing is not renormal-
izable. In Ref. [9] an analysis based on the BRS symmetry of the model indicated that
radiative corrections develop at most four divergences. Arguments were put forward that
only two of these should occur in a perturbative expansion.
The Landau gauges, the restriction to the FMR being the “minimal” one, have well
known nonrenormalization properties [10]. In this paper we algebraically recover these
properties for the new gauge model, namely that only two independent renormalization
constants are needed, and thus confirm also from the renormalization point of view that
the model belongs to the class of Landau gauge theories. We also prove that the restriction
to the FMR does not spoil the unitarity of the theory.
The paper is organized as follows. In Sect. 2 we present the symmetries of the model,
which include a Ward identity typical for the Landau gauge [11]. The full algebraic
structure allows us to give in Sect. 3 a formal proof that indeed only two divergences are
present. At the same time we demonstrate that the whole algebra is free of anomalies.
Sect. 4 is devoted to an interpretation of the model at the nonvanishing physical value for
the external sources. We show that this is equivalent to a kind of spontaneous breakdown
of the BRS symmetry. The results are then summarized in Sect. 5.
2 The model and its algebraic structure
To constrain the functional integral to the FMR, additional fields (ωai , ϕ
a
i , ω¯
ai, ϕ¯ai) and
external sources (Uaiµ , V
a
µi,M
ai
µ , N
a
µi) were introduced [9] into the original Yang–Mills the-
ory. These new fields transform under a global U(f) symmetry on the composite in-
dex i = (µ, a), with f = 4(N2 − 1).
The model in Euclidean space–time is described by the action [9]
S = SLYM + s
∫
d4x
(
(∂µω¯
ai)(Dµϕi)
a + Uaiµ (Dµϕi)
a + V aµi(Dµω¯
i)a + Uaiµ V
a
µi
)
, (2.1)
where SLYM is the ordinary Yang Mills action in the Landau gauge
SLYM =
1
4g2
∫
d4xF aµνF
a
µν − s
∫
d4x (∂µc¯
a)Aaµ ; (2.2)
F aµν = ∂µA
a
ν − ∂νA
a
µ + f
abcAbµA
c
ν , (2.3)
and the covariant derivative is defined as
(DµX)
a = ∂µX
a + fabcAbµX
c , (2.4)
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with fabc being the structure constants of the gauge group. Finally, the operator s is the
ordinary BRS transformation extended to the additional fields
sAaµ = −(Dµc)
a
sca = 1
2
fabccbcc
sc¯a = ba sba = 0
sω¯ai = ϕ¯ai sϕ¯ai = 0
sϕai = ω
a
i sω
a
i = 0 ,
(2.5)
and to the sources by
sUaiµ =M
ai
µ sM
ai
µ = 0
sV aµi = N
a
µi sN
a
µi = 0 .
(2.6)
One can easily verify the nilpotency of the BRS operator (2.5), (2.6)
s2 = 0 . (2.7)
In Ref. [9] it is argued that the physical value for the sources is
Nabµν = U
ab
µν = 0
Mabµν = −V
ab
µν = γδµνδ
ab ,
(2.8)
where γ is a parameter of dimension [mass]2, whose value is determined by a selfconsis-
tency condition that will be discussed in Sect. 4. The BRS symmetry (2.5)– (2.6) is the
simplest which is cohomologically equivalent to the ordinary one, because the additional
fields transform as doublets [12]. With the BRS transformation (2.5)– (2.6), the action
corresponding to (2.1) explicitely is 1
S =
∫
d4x
(
1
4g2
F aµνF
a
µν − (∂µb
a)Aaµ − (∂µc¯
a)(Dµc)
a
+(∂µϕ¯
ai)(Dµϕi)
a − (∂µω¯ai)(Dµωi)a + fabc(∂µω¯ai)(Dµc)bϕci
+Maiµ (Dµϕi)
a − Uaiµ (Dµωi)
a + fabcUaiµ (Dµc)
bϕci
+Naµi(Dµω¯
i)a + V aµi(Dµϕ¯
i)a − fabcV aµi(Dµc)
bω¯ci +Maiµ V
a
µi − U
ai
µ N
a
µi
)
,
(2.9)
where the dimension and ghost charge assignments of the fields are summarized in Table 1.
As customary, we couple external sources to the nonlinear BRS variations in (2.5) of
the quantum fields. The full classical action
Σ = S + Sext , (2.10)
with
Sext =
∫
d4x
(
Kaµ(sA
a
µ) + L
a(sca)
)
, (2.11)
then satisfies the Slavnov identity
S(Σ) = 0 , (2.12)
1Our conventions differ from those of reference [9] and the ϕ–ϕ¯ propagator of (2.9) is positive.
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where
S(Σ) =
∫
d4x
(
δΣ
δKaµ
δΣ
δAaµ
+
δΣ
δLa
δΣ
δca
+ ba
δΣ
δc¯a
+ ωai
δΣ
δϕai
+ ϕ¯ai
δΣ
δω¯ai
+Maiµ
δΣ
δUaiµ
+Naµi
δΣ
δV aµi
)
,
(2.13)
and the corresponding linearized operator
BΣ =
∫
d4x
(
δΣ
δKaµ
δ
δAaµ
+
δΣ
δAaµ
δ
δKaµ
+
δΣ
δLa
δ
δca
+
δΣ
δca
δ
δLa
+ ba
δ
δc¯a
+ωai
δ
δϕai
+ ϕ¯ai
δ
δω¯ai
+Maiµ
δ
δUaiµ
+Naµi
δ
δV aµi
)
,
(2.14)
is nilpotent
BΣBΣ = 0 . (2.15)
For theories in the Landau gauge, the integrated ghost equation of motion gives a Ward
identity [11], which in our case is
GaΣ = ∆a , (2.16)
where
Ga =
∫
d4x
(
δ
δca
+ fabc
(
c¯b
δ
δbc
+ ϕbi
δ
δωci
+ ω¯bi
δ
δϕ¯ci
+ V bµi
δ
δN cµi
+ U biµ
δ
δM ciµ
))
, (2.17)
and
∆a =
∫
d4x fabc
(
KbµA
c
µ − L
bcc
)
(2.18)
is a linear breaking in the quantum fields, thus only present at the classical level.
The anticommutator between the ghost equation (2.16) and the Slavnov identity (2.12)
is known to give the Ward identity of rigid gauge invariance [11] (see (2.33))
HarigΣ = 0 , (2.19)
where
Harig =
∑
(all fields Φ)
∫
d4x fabcΦb
δ
δΦc
. (2.20)
We can also write the Ward identity
F iΣ = 0 , (2.21)
with
F i =
∫
d4x
(
ca
δ
δωai
− ω¯ai
δ
δc¯a
− Uaiµ
δ
δKaµ
)
. (2.22)
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Commuting F i with the Slavnov operator (2.13), another nonlinear symmetry emerges
(see (2.33))
J i(Σ) = 0 , (2.23)
with
J i(Σ) =
∫
d4x
(
ca
δΣ
δϕai
−
δΣ
δLa
δΣ
δωai
+ ϕ¯ai
δΣ
δc¯a
+Maiµ
δΣ
δKaµ
)
. (2.24)
In addition we have the symmetry
RjiΣ = 0 , (2.25)
where
Rji =
∫
d4x
(
ϕai
δ
δωaj
+ V aµi
δ
δNaµj
− ω¯aj
δ
δϕ¯ai
− Uajµ
δ
δMaiµ
)
. (2.26)
Anticommuting the symmetry (2.25) with the Slavnov identity (2.12) we get the Ward
identity of the U(f) symmetry (see (2.33))
U ji Σ = 0 , (2.27)
where
U ji =
∫
d4x
(
ϕai
δ
δϕaj
+ ωai
δ
δωaj
+ V aµi
δ
δV aµj
+Naµi
δ
δNaµj
−ϕ¯aj
δ
δϕ¯ai
− ω¯aj
δ
δω¯ai
− Uajµ
δ
δUaiµ
−Majµ
δ
δMaiµ
)
.
(2.28)
By means of the diagonal operator Qf = U ii the i–valued fields are assigned an additional
quantum number.
In Table 1 we summarize the quantum numbers of the fields and sources.
A c c¯ b ω ω¯ ϕ ϕ¯ K L M N U V
dim 1 0 2 2 1 1 1 1 3 4 2 2 2 2
ΦΠ 0 1 −1 0 1 −1 0 0 −1 −2 0 1 −1 0
Qf 0 0 0 0 1 −1 1 −1 0 0 −1 1 −1 1
Table 1. Dimensions, Faddeev–Popov charges and Qf numbers of the fields.
Apart from the familiar gauge condition and antighost equation
δΣ
δba
− ∂µA
a
µ = 0 (2.29)
∂µ
δΣ
δKaµ
+
δΣ
δc¯a
= 0 , (2.30)
this model is also characterized by the set of local equations
T(Φ)Σ = ∆(Φ) , (2.31)
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where
T ai(ω) =
δ
δωai
+ ∂µ
δ
δNaµi
+ fabcω¯bi
δ
δbc
T ai(ϕ) =
δ
δϕai
+ ∂µ
δ
δV aµi
+ fabc
(
ϕ¯bi
δ
δbc
+ ω¯bi
δ
δc¯c
+ U biµ
δ
δKcµ
)
T a(ϕ¯) i =
δ
δϕ¯ai
+ ∂µ
δ
δMaiµ
T a(ω¯) i =
δ
δω¯ai
+ ∂µ
δ
δUaiµ
+ fabcV bµi
δ
δKcµ
(2.32)
∆ai(ω) = f
abcU biµ A
c
µ
∆ai(ϕ) = f
abcM biµ A
c
µ
∆a(ϕ¯) i = f
abcV bµiA
c
µ
∆a(ω¯) i = −f
abcN bµiA
c
µ .
In the proof of the renormalization of a model, the nonlinear algebra formed by the
symmetry operators plays an important role, because it yields consistency conditions on
the counterterm and on the possible anomalies of the theory.
The only nontrivial algebraic relations are
BΨS(Ψ) = 0
δ
δba
S(Ψ)− BΨ(
δΨ
δba
− ∂µAaµ) =
δΨ
δc¯a
+ ∂µ
δΨ
δKaµ
GaS(Ψ) + BΨ(GaΨ−∆a) = HarigΨ
F iS(Ψ)− BΨF iΨ = J i(Ψ)
T a(ϕ¯) iS(Ψ)− BΨ(T
a
(ϕ¯) iΨ−∆
a
(ϕ¯) i) = T
a
(ω¯) iΨ−∆
a
(ω¯) i
T ai(ω)S(Ψ) + BΨ(T
ai
(ω)Ψ−∆
ai
(ω)) = T
ai
(ϕ)Ψ−∆
ai
(ϕ)
GaF iΨ− F i(GaΨ−∆a) =
∫
d4x (T ai(ω)Ψ−∆
ai
(ω))
(
δ
δc¯a
+ ∂µ
δ
δKaµ
)(GbΨ−∆b) + Gb(
δΨ
δc¯a
+ ∂µ
δΨ
δKaµ
) = −fabc(
δΨ
δbc
− ∂µAcµ)
T ai(ϕ)(G
bΨ−∆b)− Gb(T ai(ϕ)Ψ−∆
ai
(ϕ)) = −f
abc(T ci(ω)Ψ−∆
ci
(ω))
T a(ω¯) i(G
bΨ−∆b) + Gb(T a(ω¯) iΨ−∆
a
(ω¯) i) = −f
abc(T c(ϕ¯) iΨ−∆
c
(ϕ¯) i)
GaJ i(Ψ) + J iΨ(G
aΨ−∆a) =
∫
d4x (T ai(ϕ)Ψ−∆
ai
(ϕ))
T a(ϕ¯) iJ
j(Ψ)− J jΨ(T
c
(ϕ¯) iΨ−∆
c
(ϕ¯) i) = δ
j
i (
δΨ
δc¯a
+ ∂µ
δΨ
δKaµ
)
T a(ω¯) iF
jΨ− F j(T a(ω¯) iΨ−∆
a
(ω¯) i) = −δ
j
i (
δΨ
δc¯a
+ ∂µ
δΨ
δKaµ
)
RjiS(Ψ) + BΨR
j
iΨ = U
j
i Ψ
RjiJ
k(Ψ) + J kΨR
j
iΨ = δ
k
i F
jΨ
T ai(ϕ)R
j
kΨ−R
j
k(T
ai
(ϕ)Ψ−∆
ai
(ϕ)) = δ
i
k(T
aj
(ω)Ψ−∆
aj
(ω))
T a(ω¯) iR
j
kΨ+R
j
k(T
a
(ω¯) iΨ−∆
a
(ω¯) i) = −δ
j
i (T
a
(ϕ¯) kΨ−∆
a
(ϕ¯) k) ,
(2.33)
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where Ψ is a generic functional of even ghost charge and J iΨ is the linearized operator
corresponding to (2.24).
The model we are considering turns out to be completely determined by
• the gauge condition (2.29) and the local equations (2.31) ;
• the Slavnov identity (2.12) ;
• the ghost equation (2.16) ;
• the symmetry (2.21) ;
• the quantum numbers listed in Table 1.
3 Renormalization
We prove the renormalizability of the model by first finding the most general counterterm
compatible with the algebraic structure described in the previous section and then by
showing that the symmetries considered hold to all orders of perturbation theory, i.e.
that they are not anomalous.
3.1 Counterterm
According to the Quantum Action Principle (QAP) [13], the counterterm is the most
general integrated local functional Σ∆ of dimension four with vanishing ghost and Qf
numbers satisfying the identities
δΣ∆
δba
= 0
∂µ
δΣ∆
δKaµ
+
δΣ∆
δc¯a
= 0
T(ϕ)Σ∆ = T(ϕ¯)Σ∆ = T(ω)Σ∆ = T(ω¯)Σ∆ = 0 ,
(3.1)
and
BΣΣ∆ = 0 , (3.2)
GaΣ∆ = 0 , (3.3)
F iΣ∆ = 0 . (3.4)
The relations (3.1) imply [9] that Σ∆ is in fact only a functional of
Σ∆
[
A, c, K˜, L, M˜ , N˜ , U˜ , V˜
]
, (3.5)
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where
K˜aµ = K
a
µ + ∂µc¯
a + fabc(U biµ + ∂µω¯
bi)ϕci + f
abcV bµiω¯
ci
M˜aiµ = M
ai
µ + ∂µϕ¯
ai
N˜aµi = N
a
µi + ∂µω
a
i
U˜aiµ = U
ai
µ + ∂µω¯
ai
V˜ aµi = V
a
µi + ∂µϕ
a
i .
(3.6)
The most general counterterm satisfying the Slavnov condition (3.2) with ghost and
Qf numbers zero therefore is
Σ∆ = c0
∫
d4xF aµνF
a
µν +BΣ
∫
d4x
(
c1K˜
a
µA
a
µ + c2L˜
aca + c3U˜
ai
µ V˜
a
µi
)
, (3.7)
where c0, c1, c2, c3 are arbitrary constants. Exploiting the ghost condition (3.3), we obtain
c2 = 0 , (3.8)
a reduction of the possible divergences peculiar for the Landau gauge [11]. Finally the
constraint implies that
c1 = −c3 . (3.9)
We have thus algebraically shown that the model defined by the classical action (2.9)
and the symmetries (2.12), (2.16), (2.21) has two divergences
Σ∆ = c0
∫
d4xF aµνF
a
µν + c1BΣ
∫
d4x
(
K˜aµA
a
µ − U˜
ai
µ V˜
a
µi
)
, (3.10)
that can be absorbed through two independent multiplicative renormalization constants,
in complete agreement with ordinary Yang Mills theory in the Landau gauge [10]. The
degrees of freedom introduced to constrain the functional integral to the FMR [6, 7]
therefore do not lead to additional divergences.
3.2 Anomalies
Since the new fields introduced to constrain the functional integral to the FMR all ap-
pear as BRS doublets, it is obvious that they do not belong to the cohomology of the
Slavnov operator [12], which therefore is cohomologically equivalent to the ordinary one.
Algebraically one only finds the usual Adler-Bardeen anomaly, whose coefficient is known
to vanish if all fields transform according to real representations of the gauge group [14].
One still has to show that the other symmetries used to obtain the result (3.10) are not
anomalous as well.
Although the conventional procedure [15] of individually implementing the identities
defining the model is quite straightforward in our case thanks to the absence of gauge
anomalies, we adopt here the technique of collecting the symmetries into one nilpotent
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operator by introducing global ghosts [16]. This method is particularly convenient when
proving that a whole algebra of operators is free of anomalies.
It is trivial to show that the identities (2.29), (2.30), (2.31) hold for the quantum
vertex functional
Γ = Σ + Γ(qu) , (3.11)
where Γ(qu) is at least of order h¯. In section 4 we will exploit that Γ(qu) is consequently a
functional of the combinations (3.6) , c and the connection A only.
To collect the symmetries (2.12), (2.16), (2.19), (2.21) and (2.23) into one operator,
we first consider the transformation on the fields generated by
Q = s+ ξaGa + ηaHarig + λiF
i
0 + ̺iJ
i
0 + σ
a
i T˜
ai
(ω) + τ
a
i T˜
ai
(ϕ)
−(ξa − 1
2
fabcηbηc)
∂
∂ηa
− λi
∂
∂̺i
+ fabcηbξc
∂
∂ξa
+(ξaλi + f
abc(ηbσci − ξ
bτ ci ))
∂
∂σai
− (σai + ξ
a̺i − fabcηbτ ci )
∂
∂τai
,
(3.12)
where
F i0 =
∫
d4x
(
ca
δ
δωai
− ω¯ai
δ
δc¯a
)
, (3.13)
J i0 =
∫
d4x
(
ca
δ
δϕai
− (sca)
δ
δωai
+ ϕ¯ai
δ
δc¯a
)
, (3.14)
T˜ ai(ω) =
∫
d4x
(
δ
δωai
+ fabcω¯bi
δ
δbc
)
, (3.15)
T˜ ai(ϕ) =
∫
d4x
(
δ
δϕai
+ fabc(ϕ¯bi
δ
δbc
+ ω¯bi
δ
δc¯c
)
)
. (3.16)
In the definition (3.12) we introduced global ghost fields (ξ, η, λ, ̺, σ, τ), whose quan-
tum numbers are summarized in Table 2.
ξ η λ ̺ σ τ
dim 0 0 1 1 1 1
ΦΠ 2 1 1 0 2 1
Qf 0 0 1 1 −1 −1
Table 2. Dimensions, Faddeev–Popov charges and Qf numbers of the global ghosts.
The operator Q is nilpotent
Q2 = 0 . (3.17)
It does not describe a symmetry of the action S
QS =
∫
d4x
(
(̺iM
ai
µ − λiU
ai
µ + f
abcτ bi U
ci
µ )(Dµc)
a − τai (DµM
i
µ)
a − σai (DµU
i
µ)
a
)
, (3.18)
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but the modified classical action
I = S + S
(Q)
ext , (3.19)
where
S
(Q)
ext =
∫
d4x
(
Kaµ(QA
a
µ) + L
a(Qca) +Xai(Qωai ) + (̺iM
ai
µ − λiU
ai
µ + f
abcτ bi U
ci
µ )A
a
µ
)
,
(3.20)
satisfies the generalized Slavnov identity
D(I) = 0 , (3.21)
with
D(I) =
∫
d4x
(
δI
δKaµ
δI
δAaµ
+
δI
δLa
δI
δca
+
δI
δXai
δI
δωai
+ (Qba)
δI
δba
+ (Qc¯a)
δI
δc¯a
+(Qϕai )
δI
δϕai
+ (Qϕ¯ai)
δI
δϕ¯ai
+ (Qω¯ai)
δI
δω¯ai
+(QMaiµ )
δI
δMaiµ
+ (QNaµi)
δI
δNaµi
+ (QUaiµ )
δI
δUaiµ
+ (QV aµi)
δI
δV aµi
)
−(ξa − 1
2
fabcηbηc)
∂I
∂ηa
− λi
∂I
∂̺i
+ fabcηbξc
∂I
∂ξa
+(ξaλi + f
abc(ηbσci − ξ
bτ ci ))
∂I
∂σai
− (σai + ξ
a̺i − fabcηbτ ci )
∂I
∂τai
.
(3.22)
The corresponding linearized operator
DI =
∫
d4x
(
δI
δKaµ
δ
δAaµ
+
δI
δAaµ
δ
δKaµ
+
δI
δLa
δ
δca
+
δI
δca
δ
δLa
+
δI
δXai
δ
δωai
+
δI
δωai
δ
δXai
+(Qba)
δ
δba
+ (Qc¯a)
δ
δc¯a
+ (Qϕai )
δ
δϕai
+ (Qϕ¯ai)
δ
δϕ¯ai
+ (Qω¯ai)
δ
δω¯ai
+(QMaiµ )
δ
δMaiµ
+ (QNaµi)
δ
δNaµi
+ (QUaiµ )
δ
δUaiµ
+ (QV aµi)
δ
δV aµi
)
−(ξa − 1
2
fabcηbηc)
∂
∂ηa
− λi
∂
∂̺i
+ fabcηbξc
∂
∂ξa
+(ξaλi + f
abc(ηbσci − ξ
bτ ci ))
∂
∂σai
− (σai + ξ
a̺i − fabcηbτ ci )
∂
∂τai
,
(3.23)
is nilpotent
DIDI = 0 . (3.24)
The introduction of the global ghosts leads to the following identities for the action I
∂I
∂ξa
= ∆a(ξ) ;
∂I
∂ηa
= ∆a(η) ;
∂I
∂λi
= ∆i(λ) ;
∂I
∂σai
= ∆ai(σ) ;
∂I
∂τai
= ∆ai(τ)
T i(̺)I ≡
∂I
∂̺i
+
∫
d4xXai
δI
δLa
= ∆i(̺) ,
(3.25)
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where
∆a(ξ) =
∫
d4x
(
La − fabcXbiϕci
)
∆a(η) =
∫
d4x fabc
(
KbµA
c
µ − L
bcc −Xbiωci
)
∆i(λ) =
∫
d4x
(
Xaica − Uaiµ A
a
µ
)
∆i(̺) =
∫
d4xMaiµ A
a
µ
∆ai(σ) =
∫
d4xXai
∆ai(τ) =
∫
d4x fabcU biµ A
c
µ ,
(3.26)
are linear breakings.
The nonlinear algebra, valid for any even ghost charged functional Ψ
∂
∂ξa
D(Ψ) − DΨ(
∂Ψ
∂ξa
−∆a(ξ)) = (G
aΨ−∆a)− (
∂Ψ
∂ηa
−∆a(η))− f
abcηb(
∂Ψ
∂ξc
−∆c(ξ))
+ λi(
∂Ψ
∂σai
−∆ai(σ))− ̺i(
∂Ψ
∂τai
−∆ai(τ))− f
abcτ bi (
∂Ψ
∂σci
−∆ci(σ))
−
∫
d4x
(
fabc(̺iX
bicc + ̺iU
bi
µ A
c
µ + η
bLc − ϕbif
cdeXdiηe)− λiX
ai
)
(3.27)
∂
∂ηa
D(Ψ) + DΨ(
∂Ψ
∂ηa
−∆a(η)) = H
a
rigΨ
+ fabcηb(
∂Ψ
∂ηc
−∆c(η)) + f
abcξb(
∂Ψ
∂ξc
−∆c(ξ)) + f
abcσbi (
∂Ψ
∂σci
−∆ci(σ))
+ fabcτ bi (
∂Ψ
∂τ ci
−∆ci(τ)) + f
abc(ηb∆c(η) + ξ
b∆c(ξ) + σ
b
i∆
ci
(σ) + τ
b
i∆
ci
(τ))
(3.28)
∂
∂λi
D(Ψ) + DΨ(
∂Ψ
∂λi
−∆i(λ)) = F
iΨ− (T i(̺)Ψ−∆
i
(̺)) + ξ
a(
∂Ψ
∂σai
−∆ai(σ))
+
∫
d4x (ξaXai + fabcηaU biµ A
c
µ)
(3.29)
T i(̺)D(Ψ)−DΨ(T
i
(̺)Ψ−∆
i
(̺)) = J
i(Ψ)− ξa(
∂Ψ
∂τai
−∆ai(τ)) +
∫
d4x fabcηaM biµ A
c
µ (3.30)
∂
∂σai
D(Ψ) − DΨ(
∂Ψ
∂σai
−∆ai(σ)) =
∫
d4x (T ai(ω)Ψ−∆
ai
(ω))− (
∂Ψ
∂τai
−∆ai(τ))
− fabcηb(
∂Ψ
∂σci
−∆ci(σ))− f
abcηb∆ci(σ)
(3.31)
∂
∂τai
D(Ψ) + DΨ(
∂Ψ
∂τai
−∆ai(τ)) =
∫
d4x (T ai(ϕ)Ψ−∆
ai
(ϕ)) + f
abcηb(
∂Ψ
∂τ ci
−∆ci(τ))
+ fabcξb(
∂Ψ
∂σci
−∆ci(σ)) +
∫
d4x fabc(ξbXci + U biµ f
cdeηdAeµ) ,
(3.32)
implies for a functional Ψ = Γ(Q) satisfying
∂
∂ξa
Γ(Q) = ∆a(ξ) ;
∂
∂ηa
Γ(Q) = ∆a(η) ;
∂
∂λi
Γ(Q) = ∆i(λ) (3.33)
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T i(̺)Γ
(Q) = ∆i(̺) ;
∂
∂σai
Γ(Q) = ∆ai(σ) ;
∂
∂τai
Γ(Q) = ∆ai(τ) (3.34)
D(Γ(Q)) = 0 , (3.35)
that the following identities hold
GaΓ(Q) = ∆a +
∫
d4x (fabc(̺iX
bicc + ̺iU
bi
µ A
c
µ + η
bLc − ϕbif
cdeXdiηe)− λiX
ai)
HarigΓ
(Q) = −fabc(ηb∆c(η) + ξ
b∆c(ξ) + σ
b
i∆
ci
(σ) + τ
b
i∆
ci
(τ))
F iΓ(Q) = −
∫
d4x (ξaXai + fabcηaU biµ A
c
µ)
J i(Γ(Q)) = −
∫
d4x fabcηaM biµ A
c
µ∫
d4xT ai(ω)Γ
(Q) =
∫
d4x (∆ai(ω) + f
abcηb∆ci(σ))∫
d4xT ai(ϕ)Γ
(Q) =
∫
d4x (∆ai(ϕ) − f
abc(ξbXci + U biµ f
cdeηdAeµ)) .
(3.36)
From equations (3.21), (3.36) one sees that at vanishing global ghosts and source X
the quantum vertex functional Γ ≡ Γ(Q)
∣∣∣
ξ=η=λ=ρ=X=0
satisfies
S(Γ) = 0
GaΓ = ∆a
HarigΓ = 0
F iΓ = 0
J i(Γ) = 0∫
d4xT ai(ω)Γ =
∫
d4x∆ai(ω)∫
d4xT ai(ϕ)Γ =
∫
d4x∆ai(ϕ) ,
(3.37)
which is the desired result.
It is quite straightforward to show that the relations (3.33), (3.34) hold and it is
apparent from the nonlinear algebra (3.27)–(3.32) that proving the absence of anomalies
has been reduced to showing that the generalized Slavnov identity (3.21) is not anomalous.
We can now apply the mathematical tools developed for nilpotent operators [12].
From the QAP [13] we know that the generalized Slavnov identity could be broken at
quantum level
D(Γ(Q)) = A · Γ(Q) , (3.38)
only by a quantum insertion A · Γ(Q), which to lowest order in h¯ is an integrated local
functional of dimension four, ghost charge +1 and Qf counting number zero
A · Γ(Q) = A+O(h¯A) . (3.39)
This lowest order breaking A must satisfy the Wess–Zumino consistency condition [17, 18]
DIA = 0 . (3.40)
Since DI is a nilpotent operator, eq. (3.40) is a cohomology problem that we solve by
decomposing DI with the filtration operator [12]
N = ξa
∂
∂ξa
+ ηa
∂
∂ηa
+ λi
∂
∂λi
+ ̺i
∂
∂̺i
+ σai
∂
∂σai
+ τai
∂
∂τai
(3.41)
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into
DI = D
(0) +D(R) , (3.42)
where
D(0) = BΣ − ξ
a ∂
∂ηa
− λi
∂
∂̺i
− σai
∂
∂τai
(3.43)
Because of (2.15), the operator D(0) is nilpotent, and the result of [12] ensures that the
cohomology of DI is isomorphic to a subspace of that of D(0), which does not depend on
the global ghosts (η, ξ; ̺, λ; τ, σ) nor on the fields (ϕ, ω; ω¯, ϕ¯;U,M ;V,N) since they appear
in (3.43) as BRS doublets [12]. We are therefore left to study the cohomology problem
BΣX = 0 , (3.44)
where BΣ is the linearized Slavnov operator of ordinary Yang–Mills theory. As discussed
previously, the solution of (3.44) is a trivial cocycle since there is no Adler-Bardeen
anomaly in this model [14], and consequently the cohomology of DI is empty.
We have thus proved that the solution of theWess–Zumino consistency condition (3.40)
is
A = DIÂ , (3.45)
i.e. that the generalized Slavnov identity (3.21) is not anomalous, and that the symme-
tries (3.37) we considered are therefore valid to all orders of perturbation theory.
Along the same lines, it is straightforward to also prove that the symmetries (2.25)
and (2.27) are anomaly–free by starting from the transformations generated by the nilpo-
tent operator
Q′ = s+ λjiR
i
j + ̺
j
iU
i
j − (λ
i
j + ̺
i
k̺
k
j )
∂
∂̺ij
− (λkj̺
i
k − λ
i
k̺
k
j )
∂
∂λij
, (3.46)
where (λij, ̺
i
j) are again global ghosts.
All the symmetries that form the algebra (2.33) are thus valid at the quantum level,
and the unitarity of the model is ensured [18].
4 The model at physical sources
The analysis of the Gribov ambiguity made in Ref. [6, 7], has demonstrated that the
functional integration is effectively constrained to the FMR in a quantum theory defined
by the classical action (2.9) for nonvanishing physical sources
Maµνb |ph = −V
a
µνb |ph = γδµνδ
a
b , (4.1)
where the mass parameter is determined selfconsistently by the horizon condition [9]
∂Γ
∂γ
∣∣∣∣∣
ph
= 0 , (4.2)
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when the quantum fields Φ ∈ {A, c, c¯, b, ϕ, ϕ¯, ω, ω¯} assume their vacuum values
δΓ
δΦ
∣∣∣∣∣
Φ=Φ|ph
= 0 . (4.3)
As shown in [7], equation (4.2) can only be fulfilled at a nonvanishing value for γ.
At their physical values (4.1) the sources do not appear as BRS doublets and the
classical action is no longer BRS-symmetric
s
(
S|ph
)
= γs(Dµϕµa)
a . (4.4)
To show that this term can be interpreted as arising from spontaneous symmetry break-
down, consider first the symmetric quantum vertex functional at vanishing sources
Γsym = Γ|M=N=U=V=0 . (4.5)
In the previous sections we have shown that it is a finite functional of the renormalized
fields and coupling constant. The replacements
ϕ¯aµb =⇒ ϕ¯
′a
µb + γMxµδ
a
b (4.6)
ϕaµb =⇒ ϕ
′a
µb − γV xµδ
a
b (4.7)
c¯a =⇒ c¯′a − γV f
abcxµω¯
c
µb (4.8)
ba =⇒ b′a − γV f
abcϕ¯′cµbxµ (4.9)
lead to a quantum vertex functional of the shifted quantum fields, which is the one for
nonvanishing external sources1
Γsym[ϕ, ϕ¯, ω, ω¯, c, c¯, b, A] = Γ[ϕ′, ϕ¯′, ω, ω¯, c, c¯′, b′, A;M ′, V ′] , (4.10)
with
M ′aµνb = γMδµνδ
a
b V
′a
µνb = −γV δµνδ
a
b . (4.11)
Relation (4.10) can easily be verified from the form of the classical action (2.9) and the
fact that the radiative correction Γ(qu) in (3.11) only depends on the combinations (3.6).
We obtain the quantum vertex functional at the physical value of the sources (4.1) if we
set
γV = γM = γ . (4.12)
As in theories with spontaneously broken symmetries, we find that the quantum theory
is also renormalizable in the asymmetric case, because it is equivalent to introducing non-
vanishing external sources.
1D. Zwanziger observed that the shifts (4.6)–(4.9) also eliminate the BRS–breaking terms in the
lattice regularized version of this model [8].
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It is remarkable that the explicit coordinate dependence of the shifts (4.6)–(4.9) is not
reflected in Γ. This can be traced to the invariance of the symmetric quantum vertex
functional under the global U(f) group in addition to its O(4) and SU(N) symmetry
under euclidean coordinate– and rigid gauge– transformations. Each of these symmetries
is individually broken spontaneously by the shifts (4.6)–(4.9) but a diagonal SU(N)×O(4)
subgroup remains intact, which assures coordinate and global colour invariance also in
the broken phase.
The analogy with spontaneous symmetry breakdown can be further pursued, because
the shifts (4.6)–(4.9) also change the vacuum values of the quantum fields. Perturbation
theory with physical values (3.1) of the sources corresponds to an expansion around non-
trivial vacuum values in the symmetric theory. Furthermore the difference in the classical
vacuum energy density between the trivial and nontrivial vacuum values (4.6)–(4.9)
∆ǫvac =
1
V
(
Σsym|ϕ¯′=ϕ′=ω′=c¯′=b′=ω¯=A=c=0−Σ
sym|ϕ¯=ϕ=ω=c¯=b=ω¯=A=c=0
)
= −4(N2−1)γV γM ,
(4.13)
with Σsym = Σ|M=N=U=V=0, implies that the broken phase is energetically preferred.
We can interpret the horizon equation (4.2) as a minimizing condition for the vacuum
energy density in the presence of quantum fluctuations. These are in fact necessary to
satisfy (4.2), because (4.13) only depends linearly on γMγV = γ
2.
Although surprising and perhaps even disturbing, a careful analysis of covariant gauge
fixing on the lattice also indicated that the BRS-symmetry could be spontaneously broken,
in order to avoid that the summation over Gribov copies conspires to yield vanishing
expectation values for gauge invariant observables [19].
5 Conclusions
The model defined by the classical action (2.9) was proposed [9] to effectively restrict the
functional integration of Yang-Mills theories to the FMR (1.5) by means of additional
fields and external sources which satisfy a selfconsistency or “horizon” condition (4.1)–
(4.3) at the physical point.
This restriction to the FMR is a refinement of the usual Landau gauge, a kind of
minimal one without Gribov copies. We indeed recovered also for this model the prop-
erty [11] of Landau gauges that the integrated ghost equation of motion yields a Ward
Identity (equ. (2.16)). The rich symmetry structure (2.33) allowed us to prove alge-
braically that only two independent divergences appear in a perturbative analysis, which
means that the model has the same renormalization properties as ordinary Yang Mills
theory in Landau gauge [10] in spite of the additional fields and sources. The renormal-
ization proof was completed by showing that the symmetries of the model do hold to all
orders of perturbation theory, i.e. are not anomalous. Unitarity of the physical S-matrix
is then a consequence of the validity to all orders of perturbation theory of the Slavnov
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identity.
We believe that the algebraic structure of the enlarged theory effectively eliminates
all the additional degrees of freedom introduced. This would be in the spirit which led
to the construction of the model, namely constraining the gauge field configurations to
the FMR, without altering the physical content of the original Yang Mills theory [6, 7].
This conjecture is supported by the observation that the BRS breaking term (4.4) at the
physical point can be understood as resulting from the nonperturbative shifts (4.6)–(4.9)
in the BRS–symmetric case and that the horizon condition minimizes the vacuum energy
density.
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